PATTERN RECOGNITION ON ORIENTED MATROIDS: 
fc*-VECTORS AND REORIENTATIONS 



ANDRE Y O. MATVEEV 

Abstract. The components of K*-vectors associated to a simple ori- 
ented matroid A4 are the numbers of general or special tope committees 
for M. Using the principle of inclusion-exclusion, we determine how the 
reorientations of M on one-element subsets of its ground set 
affect k* -vectors. 
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1. Introduction 

Let M := (Et,T) be a simple oriented matroid on the ground set E± 
:= {1, . . . ,t}, with set of topes T; throughout we will suppose that it is 
simple, that is, it contains no loops, parallel or antiparallel elements. 

See, e.g., [21 E2 H QH El [15] on oriented matroids. 

Associated to each element e E E% are the corresponding positive half- 
space := {T e T : T(e) = +} and negative halfspace T e ~ := {T € T : 
T( e ) = —} of M. If T* C T is a halfspace of M then we denote by ( 7 j) 
the family of j-subsets of the set T*. 

If G C T is a subset of topes then — G stands for the set of their opposites 
{— T : TeG}. 

If A C. Et then _a-M denotes the oriented matroid obtained from M. by 
reorientation on the set A; if a € -Ej then we write - a M instead of _{ a }A4. 
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A subset IC* C T is called a tope committee for Ai if for each 
element e G Et it holds 

|{TG/C* : T(e) = +}| > \\1C\ , 

see [8j O [10]; in other words, if we replace the components — and + of 
the maximal covectors of the oriented matroid Ai by the real numbers — 1 
and 1, respectively, then a collection IC* C T is a committee for Ai iff the 
strict inequality 

Te/c* 

holds componentwise. 

Let K£(.A/f) denote the family of tope committees, of cardinality k, for Ai, 
and let K*(A4) := |J 1<fc< | 7 -|_ 1 K£(A'f ) denote the family of all tope commit- 
tees for Ai. By definition, the feth component K* k (Ai) := j£K* k {M) of the 
vector K*(Ai) S n' 7 "'/ 2 , 1 < k < |T|/2, is the number of committees in the 
family K*(A4). 

o 

Similarly, we associate to each family ~K k (A4), 1 < k < \T\/2, of tope 
committees, of cardinality k, that contain no pairs of opposites, the A;th 

component K* k {M) := #K£(A4) of the vector k*(M) € Nl r l/ 2 . 

We always have K*,(Ai) = k^M) = 0. The oriented matroid Ai is acyclic 
iff = k\{M) = 1. If Ai is not acyclic then °n\{M) = k\{M) = 

and K%{M) = n%{M). 

O 

If IC* eK*(M), for some j, 1 < j < |T|/2, then there are \T\/2-j pairs 
of topes {T, —T} C T such that |/C* n {T, — T}\ = 0. If we add any such 
pairs of opposites to the set IC* then the resulting set is a committee for Ai. 
Thus, given an integer k such that j < k < |T|/2 and the difference k — j 

is even, in the family ~K k (Ai) there are exactly { T k _j\jl 2 ) tope committees 
which contain the committee IC* as a subset. We see that 

<w= E t ( (I J:^ 2 /2 ) i<*<m/»i 

j'=fc (mod 2) 

for example, re*(A4) = • rc|(A4) + and ^(A4) = (|r| " 4) 8 (|r| " 2) 

° k I(M) + ^-k* 3 (M) + kZ(M). 

The family A*(Ai) of anti- committees for the oriented matroid is 
defined as the family {-IC* : IC* 6 K.*(Ai)}. 

Let A be any subset of the ground set E t . The tope sets of the ori- 
ented matroids -a-M. and _^E t _A)Ai coincide and, thanks to the composite 
bijection 

K*(_ A A4) -> A*(_ A A4) -> A*(_ (i?t _ A) A4) -> K*(_ (£t „ A) A^) , 
/C* ' y -K* h> -/C* i-> /c* , 
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the (anti-)committee structures of -A-M and ^( Et —A)^ are identical; in 
particular, we have 

K*(- A M) = K*(_ {Et _ A) M) 

and 

°K*{. A M) = K\_ {Et _ A) M) . 

In this paper we compare K*-vectors of the oriented matroids A4 and - A A4, 
where A := {a} are one-element subsets of the ground set Et- In Section|4]we 
sum up the observations that concern general tope committees and commit- 
tees containing no pairs of opposites, made in Sections [2] and El respectively. 

2. The Number of Tope Committees 

Consider general tope committees for the oriented matroid A4 and begin 
by restating expression (3.2)]: 

Lemma 2.1. The number #K^(A4) of tope committees, of cardinality k, 
1 < k < |T| — 1, for the oriented matroid M. := (Et, T), is 

^ (- 1 ' #s -( m Tr[ J -f G| )' 

GCU eeBt ( L (f + i)/ 2 j) ; 

i<#e<( L(<+ i )/2J ), 

\UaesG\<e 

(2.1) 

where £ € {k, \T\ — k). 

Fix an integer k, 1 < k < \T\/2, a ground element a £ Et, and an 
integer £ £ {k, |T| — k}. If we set 

crl I ( T e + (-M) V 

1<#G<( L(£+ £ 1)/2J ), 
U Gee G|<£ 

then, according to (|2.1|) . we have 
K* k (M) = a k (a,M) 

+ (-i)#e'+#G» 

e"cu £e£t _ w (£v^ o<#e"<( L(f / 1)/2J )-#e', iu G£ wGI<< 

\T\-i J' {2 - 2) 
In an analogous expression for k! (- a A4) the families Q' range over subfam- 
ihes of the family ( L ™) - [j eeEt _ {a} 
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3. The Number of Tope Committees Containing no Pairs of 

Opposites 

Before proceeding to consider the tope committees that contain no pairs 
of opposites, we collect a few observations: 

Let m be a positive integer, and ±[1, m] the 2m-set {— m, ...,—1,1,..., m}. 
If we fix a subset W C ±[l,m] and denote by — W the set {— w : w G W} 
then we have 

|± [l,m]| - \W\ - 2#{{i,-i} C ±[l,m] : -»} n W| = 0} 

= |WU -W| - |W| (3.1) 

and 

#{{*,-<} C±[l,m] : |{t,-t}n W\ = 0} = m- ±\WU-W\ . (3.2) 

Recall that the number of /c-subsets V C ±[1, to], such that 

v£V => — f V , (3.3) 

is (™)2 fc — this is the number of (k— l)-dimensional faces of an m-dimensional 
crosspolytope, see [6]. 

If W 7^ ±[l,m] then consider some nonempty k-set V C ±[l,m] such 
that \V n W\ = and implication ([331) holds. Let V = V'OV" be the 
partition of V into two subsets with the following properties: 

v > e V =^ —v' G W , (3.4) 

«" 6 V" =>• W • (3.5) 

Let |V'| =: j and |V"| =: k — j, for some j. In fact, (13. ip and (13.21) imply 
that there are (l^u-^hl^l) sets y'c±[l,m] such that |F'|=j, 

|F'nW| = and (HH) holds; there are ( m "2 j^ u - w l) 2 fc -i se ts V" C ±[l,m] 

such that |V"| =k— j, \V" n W| = and ([33]) holds. 

Let IB (2m) denote the Boolean lattice of subsets of the set ±[l,m]. The 
empty subset of ±[1, m] is denoted by 0. If b £ B(2m) — {0} then we let —b 
denote the set of the negations of elements from b. 

Let r be a rational number, < r < 1, and k an integer number, 1 < k 
< m. If A is an antichain in B(2m), such that \r ■ k\ + 1 < min^ ey ip(A), 
then consider the subset 

ir jk (M(2m),A) := {b G B(2m) : 

p(b) = k, b A -b = 6, p(fe A A) > r • k VA e yl} C B(2m) (fc) , 

where p(-) denotes the poset rank of an element in B(2m), and M(2m)^ 

:= {b G B(2m) : p(b) = k}. The collection I rjjfc (l(2m), A) is the set of 
relatively r-blocking elements b G B(2m)( fc ) (with the additional property 
b A — b = 0) for the antichain A in the lattice B(2m); relative blocking is 
discussed in [lTj . 
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Denote by 3(A) the principal order ideal of the lattice B(2m) generated 
by an element A G A. Using the principle of inclusion-exclusion [l] [14], we 
obtain 



|l r ., fc (B(2m),yl)|= (™ V + £ 

_DCminU Ae/1 (B(2m)(p( A )-L'-'=J)n3(A)): |D|>0 

(-1)1^1. (P^JdeD d v - VdeD d ) - P(Vd G D d )\ 

n^„-^;,. \ J / 



0<J<fe 



(3.6) 



m - hiVdeD d V " Vd G D ^ 9 fc-j 

fc - j 



where min • denotes the set of minimal elements of a subposet. 
Consider the lattice 



£ := { \/ d : D C min y (M{2m)^-^ n 3(A)) , |D| > o} U {6} , 



where is a new least element adjoined. If we let /Xf(-, •) denote the Mobius 
function of the lattice £ , then we have 



|l r , fc (B(2m),yl)| = (™ V + ^ /i £ (6,z) 

ze£: z>0 

^ z V ~ p ( z ^ ^ m ~ ^ V 2 fc " J ' (3 7) 



0<j<fe 



where p{z) denotes the poset rank of an element z in the lattice B(2m). 

It was shown in [7] that any tope committee JC* € Kf (M) for the ori- 
ented matroid Ai is a blocking fc-set for the family [j eeEt (|(|7~|-$+l)/2j) °^ 
tope subsets, of cardinality [(\T\ — k + l)/2j, each of which is contained 
in some positive halfspace, see Lemma 12. 11 As a consequence, the subfam- 

o 

ily K.* k (M) C K.* k (M) is precisely the collection of blocking fc-sets, that are 

r+ \ 

*|_(|T|-fc+l)/2j; 



free of opposites, for the family [J eeEt (\(\T\-k+i)/2\) ■ With the help of (13.6 
we come to the following conclusion: 
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Lemma 3.1. The number #~K* k {M) of tope committees, of cardinality k, 
1 < k < \T\/2, that contain no pairs of opposites, for the oriented ma- 
troid M := (E t ,T), is 



#K U M) = ( |7 ] /2 )2 fc + £ (~l)* G 



GQ\JeeE t (l(|t|^+i)/2j;- 
!<#£<( L(|T|_ fe+1 )/ 2 j)> 

\{J Ge gG\<\T\-k 

j 



Um-lUcegG U -{] G&g G\, Uk ^ 



E 

0<j<k 



k-j 

If is a family of tope subsets then we denote by £ (Q) the join-semilattice 
{[Jp & jr F : T C £/, > 0} that consists of the unions of the sets from the 
family Q ordered by inclusion and augmented by a new least element which 
is interpreted as the empty set. The Mobius function of the lattice £{Q) is 
denoted by \i£ (•, •). 

With the help of (13. 7p . Lemma 13. II can be restated in the following way: 

o 

Proposition 3.2. The number #~K* k {M) of tope committees which are free 
of opposites, of cardinality k, 1 < k < \T\/2, for the oriented matroid 
M := (E t ,T), is: 



mi(M) = ( |7 | /2 ) 2fc+ E 

G££(U eeEt ( L( |r|_ 7 | + +1 )/ 2 j)) : 0<|G|<|7l-fe 

/\ G u -G| - |G|V±( |T| - |G U -G| ^ 
If an integer k, 1 < /c < |T|/2, and a ground element a € Et are fixed, 



then we set 



0<j<fc 



GCI I f T e (-^) V 

y - U e£i5 t -{a} ^L(|T|-fe+l)/2jr 

i<#G<( L(lr jri- + fe 1)/2J ), 

IU G6e G|<|T|-fc 
3 

U\n-\U G eg G U -U Ge gG| )\ k ^ 
k — j j 
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In view of (13.81). we have 



K%{M) = h{a,M) 

E 

0' c ( L(|r ^+ 1 ) )/2J )-U eEt - {o} (idr^U,)' ^#^(l(|r|-UW> IU GeS 'G|<|T|-fc, 



4(|T|-fc + l)/2J7 U ee B r {a} U(|T|-fc+l)/2J/" ~ W y ~ V L( I T| - fc+l)/2j / 

G" c U ee£t - {a} ( L( |rTi+i)/2j) : °<#e"<( L (|r|-i+i)/2j)-#e'- IU GeS 'ue» G\<\T\-k 

Ug<eS'us" G U — UGee'ug" ^1 ~~ I UGeg'ug" ^1 
3 



0<j'<fc 



In an analogous expression for K^(_ a M.) the families C?' range over subfam- 
ilies of the family ( [(l ^_^ m ) - \J eeEt _ {a} ( L (|7T?jfc+i)/2j) ' 

4. k*-Vectors and Reorientations on One-Element Sets 

To find the differences of the components of K*-vectors associated to the 
oriented matroid M and to the oriented matroid - a M which is obtained 
from M. by reorientation on a one-element subset {a} C Et, we combine 
expressions (|2.2p and (|3.9|) related to .M with analogous expressions related 
to - a M: 

Proposition 4.1. Lei o 6e an element of the ground set Et of the oriented 
matroid Ai := (Et,T). For an integer k, 1 < k < |7~|/2 ; trae sum 

E 

c" r l l f r e + (- M ) V 

y ^= u e£ B t -{a} l L( [ri-fe+i)/2jJ- 

o<#e"<( L(|r jri^ )/2J )-i, 

U G6 s"G*|<|T|-fc 

■( E {-I)* 3 ' ■ Q{G' ,9") 

y - v L(|T|-fe+i)/2j ^ U e eE t -{a} ^LC|T|-fc+l)/2J^ 

i<#e'<( L(lr jrL+ fe 1)/2J )-#6", 

\l) Geg > G\<\T\-k, 

C' c ( r « + (- M ) "\_| I r , C T+(.M) \ / 

!<#£?'< ( L( | r jri+ fc i )/2 j)-#e", 
IU Ge g'G|<|T|-fc, 
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and the sum 

E »s(0,G") 

G"e£(U eeBt _ {a} (|_(in-k+i)/2j)) : 
0<|G"|<|T|-ifc 

■f E /x f (6, G') 

fcC UL(|T|-fe + l)/2J^ Uee£f-{a} 1, -fe+l)/2j J > m 

0<\G'\<\T\-k 

E Mfi(6,G').£2(G',G") j 

l U(|T|-fc+l)/2J J UeeB t _{a} V |_( | T | - k+ 1)/2J J > ' 

0<|G'|<|T|-fc 
6o£/i calculate the difference 

under 

Q(G', G") := " 1 U ^G'ug» G ^ and 0(G / j := " 1^' u G" 
These sums calculate the difference 

under 

Q(g' g") ■= ^ 0^ G ^'Og ,,G u ~^Geg'ug'' G \ ~ \^Geg'(jg ,,G \\ 
o<j<k V J / 

^( 1^1 ~~ lUceg'ug" G u _ U<?e0'OG" ^1 )^ 9 fe-j 

and 



12* 

K - J 



0(G',G"):= E ^ G,UG,/ ) LJ -( G " UG " , )|-I G/UG/, I) 
o<j<fe V J / 

±(|T|-|(G'UG")U-(G'UG")| )\ fc _,- 
fc-J J ' 
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